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Abstract— In this paper, we present a novel rolling, jumping
robot. The robot consists of a driven pendulum mounted to
a wheel in a compact, lightweight, 3D printed design. We
show that by using the driven pendulum to change it’s weight
distribution, the robot is able to obtain significant rolling
speed, achieve jumps of up to 2.5 body lengths vertically,
and also clear horizontal distances of over 6 body lengths
while jumping. The robot’s dynamic model is derived and
simulation results indicate that it is consistent with the motion
and jumping observed on the robot. The ability to both roll
and jump effectively using a minimalistic design makes this
robot unique and could inspire the use of similar mechanisms
on robots intended for applications in which agile locomotion
on unstructured terrain is necessary, such as disaster response
or planetary exploration.

I. INTRODUCTION

The mobility of a robot in unstructured terrain can greatly
improve with the ability to execute small hops or jumps
repeatedly with little relaxation. Even robots which operate
in structured environments can benefit from an ability to hop
on small steps or jump over obstacles. Several designs of
robots have sought to incorporate a jumping or hopping gait
into the repertoire of a robot’s gaits. A common feature of
most designs that produce jumping is a mechanism to store
potential energy that can be released in a short interval. The
resulting conversion of the potential energy to kinetic energy
in the vertical direction leads to a jump. The most popular
method to achieve such storage and release of energy is via
traditional elastic elements, such as compression of torsional
springs or flexural plates and columns. Some well known
examples that adopt such design include the MSU jumper
[1], the Penn Jerboa [2], the Grillo [3] and the Salto [4] and
other impressive bioinspired micro jumping robots [5].

This paper revisits the theoretical concept of a jump as a
discontinuity in holonomic constraints and advances the idea
that purely internal shape variables without an elastic element
can produce such a discontinuity. This design is inspired by
the complex dynamics of a rolling hoop with an unbalanced
mass, the so-called Littlewood hoop [6], which has been the
subject of many theoretical and experimental investigations
[7]–[11]. Just as the original works on passive walking [12],
[13] inspired the development of many actuated walking
mechanisms [14], here we let the passive rolling jumping
mechanism of Littlewood’s hopping hoop serve as inspiration
for an actuated rolling, jumping robot. The specific design
we use in this paper is a cylinder that contains an actuated
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internal pendulum. This wheel mechanism can roll due to a
torque exerted via the internal pendulum and a high speed
swing of the pendulum produces a discontinuity in the
normal reaction on the robot from the ground leading to
a jump. With such a framework, even in the first design
iteration, the robot is capable of a vertical jump height of
over two body lengths and a horizontal jump distance of over
6 body lengths. Furthermore the robot can execute repeated
jumps without a long relaxation time. The repeated jumping
motion takes advantage of the slip motion of the cylinder
upon impact and the resulting friction force.

The proposed legless rolling-jumping robot is distinct in
design and mechanics from the existing few jumping robots
that can also roll or tip over repeatedly. Past rolling-jumping
robots such as [15]–[17] still relied on elastic components or
shape memory to store and release energy. For instance the
jollbot in [15] is an elastic spheroid which uses a pendulum
mechanism for rolling, but can also compress and change
shape significantly to store elastic potential energy that can
be released for a jump of about 0.6 body lengths. The two
wheeled robot in [17] has an elastic chassis that can snap
through and buckle and produce a jump that is 0.25 body
lengths in height and 1 body lengths in width. Despite the
lack of any elastic components, the novel legless rolling-
jumping robot presented in this paper can jump significantly
higher and farther.

Another class of related robots are those which employ
momentum-based strategies for rolling, walking, or jumping.
For example, the robot in [18] is able to jump up and
down stairs by swinging a pair of pendulum arms. Sev-
eral other works have recently proposed mechanisms which
utilize the transfer of angular momentum that occurs from
suddenly braking a rapidly spinning momentum wheel to
initiate a jumping, tipping, or standing motion [19]–[23].
However, these robots are either unable to locomote aside
from their jumping behavior or rely on other mechanisms
for more efficient movement. Many such jumping robots do
not take advantage of other efficient modes of locomotion
that may be possible on different terrains. Similarly, several
robots have used pendulum-based mechanisms for rolling
or walking, such as pendulum-driven rolling spheres [24]
and torso-actuated walking mechanisms [25]–[27], but these
applications focus only on ground-based locomotion without
consideration of how such a mechanism could be used for
jumping. In this paper we propose a legless robot design that
is capable of two modes of motion - rolling and jumping.
Even more importantly this paper presents a fresh look at the
theoretical models and mechanics that can lead to the design
of robots with superior mobility.



Fig. 1: Top left: pendulum-driven jumping wheel robot. Top
right: side view of disassembled robot. Bottom right: Front
view of pendulum mounted to a brushless DC motor affixed
to the back hoop. Bottom left: rear view of robot showing
electronics components

II. ROBOT DESIGN AND SYSTEM DESCRIPTION

The jumping mechanism in consideration here requires a
wheel body with an approximately uniform weight distri-
bution with an offset mass attached to an arm which can
be driven by a motor from the center of the wheel. Such
a robot was constructed from two 3D printed hoops with a
pendulum driven by a brushless DC motor affixed to the back
hoop. This setup is shown in Fig. 1 and the key electronic
components are summarized in Table I.

The total mass of the robot with all components attaches
is approximately 600 g. The front and rear 3D printed hoops
have masses of 126 g and 79 g, respectively. The total mass
of the rear hoop with the motor and all electronics attached is
325 g. The pendulum consists of a 3D printed arm containing
5 steel weights inserted into cylindrical channels. Each of
these pendulum weights has mass of 25 g, resulting in a
total pendulum mass of 135 g and an effective offset mass
of 125 g. The offset mass of the pendulum is located 51
mm from the geometric center of the hoop. The diameter of
the hoop is 152 mm. The length of the two hoops together
is 106mm, with the front and rear hoops having lengths 75
mm and 31 mm. These relative lengths are chosen so that
the weight distribution of the robot is approximately centered
along the axis passing through the centers of the hoops when
the pendulum and motor are mounted to the back hoop.

TABLE I: Component specifications

Component Specification
Motor T-motor MN4006 KV380
Single Board Computer Raspberry Pi Zero W
Motor Driver Tinymovr R5
IMU Adafruit LSM9DS0 9 DOF
CAN-USB Adapter CANine USB-CAN adapter
Batteries 11.1 V (3S), 450 mAh

7.4 V (2S), 400 mAh

The electronics and controls configuration of the robot
consists of a T-motor MN4006 380 Kv brushless DC motor
(BLDC) driven by a Tinymovr R5.1 motor driver. Being
designed for use in drones, the MN4006 BLDC has a very
compact and lightweight design, with a diameter of 44mm
and weight of 68g, while being capable of delivering a torque
of up to 0.376Nm when used with the Tinymovr R5.1. The
Tinymovr driver uses field oriented control (FOC) to drive
the BLDC using a built-in magnetic encoder to measure
motor rotation and speed. In our application, the Tinymovr
is used in velocity-control mode, in which a PI controller
feeds forward a motor current value to the FOC control
loop based on errors from a motor velocity reference. These
control loops run at 20 kHz. The Tinymovr communicates
with a Raspberry Pi Zero W over a CAN connection via
the CANine CAN-USB adapter. The Raspberry Pi allows
for higher level controllers to be implemented, as it delivers
velocity setpoint values to the velocity control loop running
on the Tinymovr. However, in this work, the velocity setpoint
values are fed forward in an open-loop manner, as higher
level control strategies for this robot are still the subject of
ongoing work.

III. LEGLESS JUMPING - CONCEPT AND MODEL

The mechanical system in consideration consists of a thin
hoop of mass mo and radius R with a mass moment of inertia
Io about it’s geometric center. Attached to the hoop from the
center is a pendulum of mass mp and length lp. The arm of
the pendulum is taken to be massless and the pendulum is
driven relative to the hoop by a torque applied by a motor
connecting the pendulum to the hoop.

We express the motion of the system in terms of the
generalized coordinates q = [ϕ, θ, x, y]T depicted in Fig.
2. The angles ϕ and θ denote the angles of the hoop and
the pendulum, respectively, both relative to a spatially fixed
frame of reference. The ϕ = θ = 0 configuration corresponds
to the pendulum in the vertically downward position with no
relative angular displacement between the pendulum and the
hoop. The x and y coordinates refer to the horizontal and
vertical displacement of the geometric center of the hoop,
respectively, relative to a spatially fixed frame. The y = 0
position is defined as the configuration in which the hoop is
in contact with the ground.

The kinetic energy of the system is

T =
1

2
mo|vo|2 +

1

2
Ioϕ̇

2 +
1

2
mp|vp|2 (1)

where the velocities of the center of the hoop and the
pendulum are as follows.

vo = ẋ i+ ẏ j (2a)

vp =
(
ẋ− lpθ̇ cos θ

)
i+

(
ẏ + lpθ̇ sin θ

)
j . (2b)

Here, i and j are the unit vectors associated with the spatially
fixed reference frame. The potential energy of the system is

V = mogy +mpg(y − lp cos θ) (3)



Fig. 2: Pendulum-driven wheel robot system with generalized
coordinates ϕ, θ, x, y.

Then, taking the Lagrangian as L = T − V , we can write
the equations of motion from the Euler-Lagrange equations:

d

dt

(
∂L
∂q̇i

)
− ∂L
∂qi

=
∑
j

λj
∂f con

j

∂qi
+ f ext

i (4)

for i = 1, . . . , 4 where f con
j (j = 1, 2) are the holonomic

constraints acting on the system, λj are the constraint forces
required to satisfy these constraints, and f ext

i are the non-
conservative generalized forces acting on the system. The
holonomic constraints associated with this system are those
of pure rolling and contact with the flat surface:

f con
1 = ϕR− x = 0 (5a)

f con
2 = y = 0 . (5b)

The external generalized forces are those associated with the
torque, τ , applied by the motor to the pendulum and the
hoop. This yields the following Euler-Lagrange equations

Ioϕ̈ = Rλ1 − τ (6a)

mpl
2
pθ̈ −mplp (ẍ cos θ + ÿ sin θ + g sin θ) = τ (6b)

mẍ+mplp

(
θ̇2 sin θ − θ̈ cos θ

)
= −λ1 (6c)

mÿ +mplp

(
θ̇2 cos θ + θ̈ sin θ

)
+mg = λ2 (6d)

where m = mo+mp is the total mass of the hoop-pendulum
system. Physically, λ1 and λ2 are the friction force required
to maintain pure rolling and the normal force required for
the body to remain in contact.

From the Newtonian perspective, Eqs. 6a-6b represent a
sum of moments acting on the detached hoop and pendulum
respectively, while Eqs. 6c-6d express the sum of forces
acting on the pendulum-hoop system in the x and y direc-
tions, respectively. From Eq. 6d, it can be seen that when the
angular velocity of the pendulum, θ̇ is large, the centripetal
force due to the rotation of the pendulum will tend to have
a lifting effect on the hoop when the pendulum is near the
upright position, θ ≈ π. This effect is illustrated in Fig. 3
When this is the case, the normal reaction, λ2, can go to zero

Fig. 3: Free body diagram of detached wheel, indicating the
effects of the pendulum acceleration on the wheel.

and a loss of contact is possible, at which point the center of
mass will behave like a projectile. If at this point the vertical
component of the center of mass velocity is positive, then
the hoop will undergo a flight phase, resulting in a jumping
or hopping motion. If on the other hand, the vertical velocity
of the center of mass is negative, the hoop will tend to slip
or skid at the instant that the normal reaction vanishes but
not jump.

A. Rolling phase

During the rolling phase of motion, the hoop remains in
contact with the ground and rolls without slip. Therefore,
Eqs. 6 can be reduced by substituting the rolling constraints
(Eqs. 5). This gives the following reduced equations of
motion, which are valid during the rolling phase.

(Io +mR2)ϕ̈+mplpR(−θ̈ cos θ + θ̇2 sin θ) = −τ (7a)

mpl
2
pθ̈ +mplp(−Rϕ̈ cos θ + g sin θ) = τ (7b)

The expressions for the friction, λ1, required to prevent
slipping and the normal reaction, λ2, during rolling are given
as follows.

λ1 = mplp

(
−θ̇2 sin θ + θ̈ cos θ

)
−mRϕ̈ (8a)

λ2 = mplp

(
θ̇2 cos θ + θ̈ sin θ

)
+mg (8b)

As discussed above, the transition from a rolling phase to
a flight phase occurs when the normal force vanishes and
the velocity of the center of mass has a positive upward
component. It is also possible for an intermediate phase to
occur in which the friction provided by the rolling surface
is insufficient to maintain the pure rolling constraint. In this
case, the hoop could undergo slipping, skidding, or gliding
motions [10], [28]. In this work, we will assume that such
effects are negligible.

B. Flight phase

During the flight phase of motion, neither the contact nor
rolling constraints are active, and thus the corresponding



constraint forces can be set to zero, λ1 = λ2 = 0, to give
the following

Ioϕ̈ = −τ (9a)

mpl
2
pθ̈ −mplp (ẍ cos θ + ÿ sin θ + g sin θ) = τ (9b)

mẍ+mplp

(
θ̇2 sin θ − θ̈ cos θ

)
= 0 (9c)

mÿ +mplp

(
θ̇2 cos θ + θ̈ sin θ

)
+mg = 0 (9d)

The center of mass of the system will undergo projectile
motion during the flight phase, and thus will follow a
parabolic trajectory, but this full system of equations is
needed to describe the internal rotations of the system and
the trajectory of the geometric center of the hoop.

IV. CONTROL STRATEGY AND NUMERICAL SIMULATION

To numerically simulate this system, we implement the
equations of motion described in Sec. III in MATLAB. To
demonstrate the rolling, jumping motion, we consider the
case where the robot begins at rest with the pendulum in the
vertically downward position and the robot will be controlled
using a proportional controller to choose the torque τ based
on the error from a reference signal for the angular velocity
of the pendulum relative to the wheel. We denote this angular
velocity as ψ̇ = θ̇− ϕ̇. Such a simulation is shown in Fig. 4
and is explained in more detail in Sec. IV-C, but first we will
discuss the control strategies implemented to achieve rolling
and jumping motions.

A. Rolling strategy

To achieve a smooth rolling motion from rest, a torque
should be applied to lift the pendulum toward the desired
direction of motion. The resulting offset of the pendulum
will cause the wheel to roll to restore the pendulum to
the stable, downward equilibrium, thus leading the wheel
to accelerate in the direction of the pendulum. Once the
wheel is in rolling motion, it’s velocity can be maintained
by driving the pendulum so that it remains in the downward
position. This is done by driving the pendulum so that its
angular velocity relative to the wheel offsets the velocity of
the wheel; that is, ψ̇ = −ϕ̇ so that θ̇ = 0. This has the
effect of holding the pendulum in the downward position
in the spatial frame, but requires continuous actuation to
move the pendulum relative to the rolling wheel. Following
a similar reasoning, the wheel speed can be increased in a
given direction by driving the pendulum relative to the wheel
in such a way that the pendulum is displaced in that direction
in the spatially fixed frame.

B. Jumping strategy

As mentioned previously in Sec. III, jumping motion will
tend to occur when the pendulum has large angular velocity
(relative to the spatially fixed frame) and the pendulum nears
the upward configuration (θ ≈ nπ and θ̇2 ≫ 1), which
causes the mplpθ̇

2 cos θ term in Eqs. 6d and 8b to become
large, which leads the normal reaction λ2 to vanish with the

(a)

(b) (c)

(d) (e)

(f)

λ2 = 0
Jump occurs

(g)

Fig. 4: Numerical simulation of the jumping wheel system.
Dashed lines indicate the rolling phase while solid lines
indicate the flight phase. (a) Spatial trajectory of the system
center of mass and geometric center. (b)-(c) trajectories of
these points over time. (d) relative angular velocity between
the pendulum and the wheel (e) angular velocity of the
wheel(f) torque values τ and corresponding motor currents
Iq . (g) normal reaction λ2 during rolling.

center of mass velocity having a positive vertical component.
Therefore, to achieve a jump, the pendulum should be driven
at high angular velocity toward the upward configuration
once the desired rolling velocity is reached.

Increasing the horizontal distance traversed during the
jump is a matter of increasing the horizontal component of
the velocity of the center of mass at the instant that the loss of
contact occurs, as from that point forward, the center of mass
behaves as a projectile, and thus its displacement is a function
of its initial position and velocity alone. The horizontal
component of the center of mass velocity during rolling is



ϕ̇R − mplp
mo+mp

θ̇ cos θ . So, the horizontal displacement can
be increased by increasing the rolling speed of the wheel,
ϕ̇R. However, this can be a difficult balance due to actuator
limits, as a higher rolling speed means that there will be
less time for the pendulum to accelerate from its downward
position during rolling to the upward configuration necessary
for a jump. Therefore, in practice, we have found that better
jumping can be achieved by first initiating a slow “swing-
up” phase in which the pendulum is brought to the upward
position at a low enough angular velocity so that a loss
of contact is not realized before actuating the pendulum
with maximum torque in the opposite direction so that the
pendulum has the time taken to traverse the full revolution
back to the upward position to accelerate and maximize θ̇2.

C. Numerical simulation

As proof of concept, we implement a numerical simulation
of the proposed control strategy. In this simulation, the wheel
is started from rest with the pendulum in the vertically
downward position. The torque is chosen by applying a
proportional controller relative to a reference relative angular
velocity, ψ̇ref. This reference angular velocity is chosen to
give a 5s rolling period in which the wheel accelerates from
rest to an angular velocity of approximately 10 rad/s, causing
the wheel to roll from left to right. For this, the reference
angular velocity is chosen to be linear in time. Following
this rolling phase, the swingup-phase is initiated, in which
the pendulum is brought counterclockwise to the upward
position at an angular velocity slow enough so that loss of
contact does not occur. Finally, the pendulum is actuated
clockwise at a large angular velocity in order to achieve a
jump as the pendulum nears the upward configuration. In
summary, the relative angular velocity reference command
is chosen as follows:

ψ̇ref(t) =


−2t t < 5

−40 5.0 < t < 5.2

200 t > 5.2

(10)

where the times are given in seconds and the angular
velocities are in rad/s. All parameters used in this simulation
are selected to be representative of the robot described in
Sec II.

The simulation is conducted by first simulating the rolling
dynamics given by Eqs. 7. These equations are simulated
until a point is reached where the normal reaction vanishes
and the vertical velocity of the center of mass is upward,
at which point this terminal condition of the rolling phase
is taken as the initial condition for the flight phase and the
system is simulated from there using the flight dynamics
given by Eqs. 9. The results of this simulation are shown in
Fig. 4. Figs. 4a-4c show the trajectory taken by the robot in
this simulation in xy space and over time, respectively. It can
be seen from these figures that while in the air, the center of
the hoop follows a cycloidal trajectory, revolving about the
trajectory of the center of mass, which follows a parabolic
trajectory. These revolutions of the wheel center about the
center of mass are due to the driving of the pendulum relative

2.4
body

lengths

(a)

(b) (c)

(d) (e)

Fig. 5: Experimental results for vertical jumping. (a) Four
still images from a video of the jumping motion overlaid to
illustrate the robot trajectory. (b)-(c) Trajectory of a point
on the front of the wheel over time. (d) Relative angular
velocity between pendulum and wheel. (e) Angular velocity
of the wheel.

to the wheel. The simulation is ended when the y coordinate
of the center of the wheel returns to zero, indicating that the
wheel has landed on the ground. To continue the simulation
from there, it would be necessary to account for the collision
dynamics associated with the impact with the ground.

V. EXPERIMENTAL RESULTS

A. Jumping experiment

Following the results of the numerical experiment de-
scribed in the previous section, the same experiment is con-
ducted on the robot described in Sec. II. In this experiment,
the same reference velocity is provided to the motor as given
by Eq. 10. The result of this experiment is shown in Fig. 5.
Video of the experiment was recorded at 240 frames/second



(a) (b) (c) (d) (e)

Fig. 6: Jumping while traversing a horizontal distance.
Top row: a sequence of frames from an overhead camera. Black floor markings indicate distances of one body length. Red
lines indicate the landing positions of the robot and the distances traversed between them. The distance indicated in panel
(c) is approximately 4 body lengths and the distance indicated in panel (e) is approximately 6 body lengths.
Bottom row: corresponding images from the same sequence, taken from a side view panning along with the robot.

(fps) from a side view with a stationary camera. Fig. 5a
shows four frames from this recording overlaid with one
another to represent the path followed by the robot during
the jump. The video was post-processed using the software,
Tracker (https://physlets.org/tracker/) to obtain the trajectory
followed by a point located on the center of the front
hoop. This trajectory is given by the curve plotted over
the image and is shown over time in Figs. 5b, 5c. The
four points on the trajectory that are overlaid in Fig. 5a
are indicated the plots in Fig. 5b, 5c by the blue circles.
It can be seen from this trajectory that the motion of the
robot agrees with the numerical simulation of the previous
section. The robot completes a small hop followed by a small
jump and then a large jump. The simulation of the previous
section predicts the small jump height well, both showing
this height to be approximately 0.7-0.8 body lengths. In the
experiment, following this first jump, the robot rebounds
into a section jump, achieving a height of approximately
2.4 body lengths, as shown in Fig. 5a. Fig. 5d shows the
relative angular velocity of the pendulum to the hoop during
the experiment as measured from the onboard encoder along
with the corresponding reference signal in Eq. 10. Fig. 5e
shows the wheel angular velocity as measured from the
onboard IMU.

B. Horizontal jumping

In an additional experiment, we apply a different reference
angular velocity in an attempt to clear a larger horizontal
distance during the jump. In particular, we attempt to have
the robot reach a larger horizontal velocity before initiating
the jump. This is done by driving the pendulum so that the
angular velocity of the wheel increases more rapidly, accel-
erating from rest to an angular velocity of approximately
23 rad/s over 3.75s. At this point, the jump is initiated by
applying an angular velocity reference of 150 rad/s in the
same direction as the rotation of the pendulum for jumping.
This reference signal is summarized as follows.

ψ̇ref(t) =

{
−6.22t t < 3.75

−150 3.75 < t < 4.75
(11)

(a) (b)

Fig. 7: Measured data from horizontal jumping experiment
shown in Fig. 6. (a) Relative angular velocity between
pendulum and wheel. (b) Angular velocity of the wheel.

The direction of rotation for initiating the jump for this test
was chosen to be the same direction as the rolling direction
because it was seen in previous experiments (including the
experiment of Fig. 5) that by initiating the jump by swinging
the pendulum counter to the direction needed for rolling,
while leading to a larger vertical height of the jump, can
have a braking effect on the rolling motion, leading to a
reduced horizontal velocity of the center of mass at the
loss of contact, and therefore a reduced horizontal distance
traversed while in flight.

Results from this test are shown in Fig. 6. The trial was
recorded at 240 fps from a side view taken from a panning
camera and additionally from a stationary camera mounted
overhead, recording at 120 fps. Five still images from each
of these views are aligned and shown in Fig. 6. The top row
of Fig. 6 shows views from the overhead camera, where the
black markings on the ground are evenly spaced ticks with
spacings of one diameter separating each.

During this experiment, once the jump is initiated, the
robot completes one small hop, followed by two jumps in
which a significant horizontal distance is cleared. The red
marking in the top panel of Fig. 6a indicates the landing
position after the first small hop. Fig. 6b shows the robot in
mid-flight after launching from the position shown in Fig.
6a. Fig. 6c shows the landing position of the robot following
the first significant jump. The top panel of Fig. 6c shows



a red marking indicating the landing position along with a
line indicating the distance traversed during this first jump,
which spans approximately 4 body lengths. Fig. 6d shows the
robot in mid-flight after launching from the position shown
in Fig. 6c . Finally, Fig. 6e shows the landing position of the
robot during the second jump, with the top panel indicating
the distance traversed during this jump, a horizontal span
of over 6 body lengths. Fig. 7 shows the measured data
collected in this experiment from the onboard encoder and
IMU, respectively, along with the reference signal for the
relative angular velocity in Eq. 11.

VI. CONCLUSION

We have presented a novel design for a pendulum-driven
wheel robot that can both roll and jump. In experiments,
the robot was capable of jumping up to 2.4 body lengths
vertically and, in separate tests, was able to traverse hori-
zontal lengths of over 6 body lengths in flight. Ongoing and
future work on this robot include the development and im-
plementation of trajectory planning and model-based control
strategies, consideration of the full dynamics including 3D
rotations and collision effects, designs and control strategies
to allow for stabilization following a jump.
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